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Abstract

Many parametric models can be enriched by introducing additional parameters through
transmutation, mixing, or compounding techniques. In this paper, we develop the frame-
work of doubly generalized transmutation models (DGTMs), obtained by the repeated
application of rank transmutation maps and their generalizations. We show that several
flexible families already available in the literature can be reinterpreted as instances of
double or multiple transmutation, thus unifying apparently disparate constructions under
a common perspective. A key feature of DGTMs is their ability to flexibly control symmetry
through parameterization, enabling more accurate modeling of asymmetric or heavy-tailed
phenomena. We also discuss the potential extension of these models to the bivariate case.
In addition, we introduce the gentransmuted R package, Version 1.0, which provides rou-
tines for data generation, parameter estimation, and model comparison for generalized
transmutation models. Two real data applications illustrate the practical advantages of this
approach, highlighting improved model fit relative to classical alternatives. Our results
underscore the value of transmutation-based methods as a systematic tool for generating
flexible probability distributions and advancing their computational implementation.

Keywords: exponential distribution; maximum likelihood; Pareto II distribution;
transmutation of models

1. Introduction
The concept of rank transmutation maps (RTMs) was first introduced by Shaw and

Buckley [1,2], who proposed quadratic rank transmutation map (QRTM) as a mechanism to
generate new distributions from a baseline model. Specifically, they considered cumulative
distribution functions (cdfs) of the form

(1 + λ)F0(x; θ)− λ[F0(x; θ)]2, λ ∈ [−1, 1],

where F0(x; θ) denotes the baseline cdf to be extended. This can be rewritten as
G(F0(x; θ); λ), where G(u; λ) = (1 + λ)u − λu2, 0 < u < 1, is itself a cdf indexed by
λ. Subsequent generalizations have considered replacing G with a broader class of paramet-
ric distribution functions supported on [0, 1], leading to what we call general transmutation
models, and which was duly documented, for example, by Alzaatreh et al. [3].

Based on this, a doubly generalized transmutation model (DGT) is defined as

G2(G1(F0(x; θ); λ); τ), (1)
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where F0(·; θ) is the baseline family, and G1(·; λ), G2(·; τ) are parametric families of distri-
bution functions supported on [0, 1]. Extensions to triply or multiply generalized trans-
mutation models naturally follow from further compositions. While these constructions
can alternatively be viewed simply as compositions of distributions, the terminology of
“transmutation” emphasizes their connection with the seminal work of Shaw and Buckley.
Note that the cdf in Equation (1) should be extended to the case where G2 and G1 have
support different from [0, 1], considering a new cdf as

G2(W1(G1(W0(F0(x; θ)); λ)); τ),

where W0(·) and W1(·) are ad hoc functions defined from [0, 1] to the corresponding support
of G1 and G2, respectively, which would be a generalization of the idea used to extend
distributions used in [3]. However, we will consider the specific case described through
Equation (1).

As noted by Tahir and Cordeiro [4], related modeling strategies include scale-mixture
constructions, compounding schemes based on probability generating functions, and
several models that can be interpreted as special cases of doubly generalized transmutation
models. Indeed, most of the flexible families cataloged in their survey can be reinterpreted
as instances of double or multiple transmutation.

Recent contributions have reinforced the practical value of QRTM-based approaches. For
example, Yedlapalli et al. [5] applied QRTM to the semicircular exponential stereographic
distribution, introducing the transmuted semicircular distribution and demonstrating its su-
perior adaptability for modeling geological data. Likewise, Shala and Merovci [6] proposed
a three-parameter inverse Rayleigh distribution within the generalized transmuted family,
establishing its robustness through extensive theoretical results and empirical applications.
These works, together with the foundational studies of [1,2], underscore the ongoing im-
portance of transmutation methods as powerful tools for extending classical probability
distributions and improving their empirical performance. Other contributions include the
transmuted odd Fréchet-G distribution proposed by Badr et al. [7] and the record-based
transmuted Rayleigh distribution of order 3, as presented by Merovci [8]. Together, these
works highlight the growing importance of transmutation methods as powerful tools for
extending classical probability models and enhancing their practical performance. The pri-
mary objective of this paper is to demonstrate that certain generalizations already existing
in the literature can be viewed as part of this double transmutation, while also providing
a computational alternative associated with these models. The possible generalization of
double transmutation to the bivariate case will also be addressed tangentially.

The paper proceeds as follows. In Section 2, we demonstrate the doubly generalized
transmutation model with some examples and a selection of examples that can be consid-
ered as multiple generalized transmuted distributions. In section 3, we present multiple
transmutations and discuss bivariate transmuting models. In Section 4, we present some
computational aspects of the gentransmuted package [9], along with a simulation study.
In Section 5, we show two applications to real data. Finally, in Section 6, we will highlight
how many of the models listed can be recognized as examples of multiply generalized
transmuted models.

2. DGT Distributions
Definition 1 (Doubly Generalized Transmuted Distribution). Let F0(x; θ) denote a baseline
family of univariate distributions that we aim to make more flexible. Consider two parametric
families of univariate distributions supported on [0, 1], denoted by G1(u; τ) and G2(u; δ).
The resulting family of doubly generalized transmuted distributions, which will be denoted as
G1 − G2 − f model, is defined as
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F(x; θ, τ, δ) = G2(G1(F0(x; θ); τ); δ). (2)

For this extended family to include F0(x; θ) as a special case, it is necessary that both G1(u; τ)

and G2(u; δ) include the standard uniform distribution U(0, 1) as a member. As mentioned in
the introduction, such models could alternatively be referred to as multiply compounded models,
omitting any explicit reference to transmutation.

Remark 1. Several well-known distribution families arise as particular cases of Definition 1 when
specific choices of G1 and G2 are made. For example, setting G1 = GSB, defined below, and
G2(u) = u leads to the classical transmuted distributions of Shaw and Buckley [1]. Likewise,
choosing G1(u) = uα or G2(u) = uβ produces exponentiated-type distributions [10]. In addition,
using Marshall–Olkin-type functions, i.e., mappings of the form

G(u; θ) =
u

θ + (1 − θ)u
, u ∈ [0, 1], θ > 0,

as originally introduced by Marshall and Olkin [11], generates Marshall–Olkin extended families.
These models are widely used because they allow for tractable survival functions and hazard rate
modifications. Finally, notice that if both G1 and G2 are chosen as the identity function, then the
construction trivially reduces to the baseline distribution F0(x; θ). Thus, the proposed framework
provides a unifying structure that encompasses transmuted, exponentiated, and Marshall–Olkin
families, along with many other extensions frequently encountered in the literature.

Definition 2 (Transmuting functions). A transmuting function is a distribution function
G(u; η) supported on [0, 1], depending on a parameter (or vector of parameters) η, such that the
standard uniform distribution U(0, 1) is included as a special case.

Five popular choices for the transmuting functions G1 and G2 are:

1. The original transmuting function [1]:

GSB(u; λ) = (1 + λ)u − λu2, λ ∈ [−1, 1]. (3)

Note that if λ = 0, this reduces to the U(0, 1) distribution.
2. The exponentiating (EXP) function:

GEXP(u; α) = uα, α ∈ (0, ∞). (4)

If α = 1, this is the U(0, 1) distribution; if α = n ∈ N, it corresponds to the distribution
of the maximum of n i.i.d. U(0, 1) variables.

2A. The exponentiating function of the second kind (EXP2):

GEXP2(u; α) = 1 − (1 − u)α, α ∈ (0, ∞). (5)

For α = 1, this yields the U(0, 1) distribution; for α = n, it is the distribution of
the minimum of n i.i.d. U(0, 1) variables.

3. The Marshall-Olkin function [11]:

GMO(u; θ) =
θu

1 − (1 − θ)u
, θ ∈ (0, ∞). (6)

When θ = 1, this simplifies to the U(0, 1) distribution.
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3A. The second kind Marshall-Olkin (MO2) function:

GMO2(u; θ) =
u

1 − (1 − θ)(1 − u)
, θ ∈ (0, ∞). (7)

Again, θ = 1 yields the U(0, 1) distribution.

Remark 2. The MO and MO2 functions, if θ ∈ (0, 1), can be interpreted as arising from the
maximum and minimum, respectively, of a sample of geometrically distributed size of U(0, 1)
variables. If the sample size instead follows a zero-truncated Poisson distribution, we obtain
two new transmuting functions:

GZTP(u; θ) =
eθu − 1
eθ − 1

, GZTP2(u; θ) =
1 − e−θu

1 − e−θ
.

Similarly, using logarithmic sample sizes leads to:

GLOG(u; θ) =
ln(1 − θu)
ln(1 − θ)

, GLOG2(u; θ) = 1 − ln(1 − θ(1 − u))
ln(1 − θ)

.

4. The Kumaraswamy function [12]:

GKw(u; α, β) = 1 − (1 − uα)β, α > 0, β > 0 (8)

If α = β = 1, this corresponds to U(0, 1).
It can also be expressed as a composition of two exponentiating functions:

GKw(u; α, β) = GEXP2(GEXP(u; α); β).

By reversing the order of composition, we define a second-kind Kumaraswamy function:

GKw2(u; α, β) = GEXP(GEXP2(u; β); α) = [1 − (1 − u)β]α.

5. Mixtures. Granzotto and Louzada [13] observed that the SB transmutation function
can be expressed as a convex combination of the maximum and minimum of a size-two
sample from U(0, 1):

GSB(u; λ) = δGEXP(u; 2) + (1 − δ)GEXP2(u; 2), (9)

where δ = (1 − λ)/2 ∈ (0, 1).
They also explored convex combinations of multiple U(0, 1) order statistics. More
recently, Balakrishnan and He [14] proposed convex combinations of record value
distributions (both lower and upper records). In general, convex combinations of any
set of transmuting functions can be considered to generate more flexible transforma-
tion families.

Figure 1 presents the PDF for the exponential (exp) distribution and some extensions
from these models based on the EXP and SB models. Note that the PDF of the exponential
model is monotone, whereas the extensions provide non-monotonic PDFs in all the cases.
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Figure 1. Plot of PDFs for different extensions of the exponential distribution: (a) exp(λ); (b) EXP-
exp(λ, θ1); (c) SB-exp(λ, θ1); (d) EXP-SB-exp(λ, θ1, θ2) and (e) SB-EXP-exp(λ, θ1, θ2).

It is often convenient to restrict attention to transmuting functions with simple closed-
form expressions for both the function and its first derivative. This is particularly helpful
for inference. For this reason, the Kumaraswamy function may be preferred over the Beta
distribution, which lacks a simple closed-form for its CDF.

For simulation purposes, it is especially useful if both the transmuting functions and
the baseline distribution have analytical inverse functions.

Note that the MO function with θ ∈ (0, 1) is the probability generating function (PGF)
of a geometric random variable with parameter θ (taking values in {1, 2, . . . }).

Similarly, the PGF of any positive integer-valued distribution may be used as a trans-
muting function. However, acceptable transmuting functions are not limited to PGFs with
non-negative power series coefficients.

Another useful class of PGFs arises from the negative binomial distribution:

GNB(u; α, p) =
[

pu
1 − (1 − p)u

]α

,

where α ∈ (0, ∞) and p ∈ (0, 1]. This function is a composition of the EXP and MO
functions. Hence, the parameter p can be extended to (0, ∞).

Examples of Multiple Generalized Transmuted Distributions

The generalized transmutation approach, in which a family of generalized transmuta-
tion functions is applied to a parametric baseline family of distributions, yields an enriched
extended family. Provided that the transmutation family includes the uniform distribution,
this guarantees that the extended family will fit the data at least as well as the baseline, i.e.,
a non-worse maximized likelihood on the same data, but not necessarily a better predictive
performance. However, the question of whether the improvement in fit is statistically
significant must be carefully assessed.

Repeated applications of transmutation functions can produce increasingly flexible
models, consistently enhancing the fit to the data. Naturally, this process should not
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be carried to excess. Nevertheless, rather complex models constructed from multiple
transmutation functions have already been proposed in the literature. We cite below a
selection from the extensive list compiled by Tahir and Cordeiro [4]:

• Transmuted Complementary Exponentiated Weibull-Geometric (TCEWG) model
• Transmuted Complementary Weibull-Geometric (TCWG) model
• Exponentiated Transmuted Weibull-Geometric (ETWG) model
• Exponentiated Geometric G-Poisson (EGGP) model
• Complementary Extended Weibull Power Series (CEWPS) models
• Complementary Exponentiated Weibull-Logarithmic (CEWLn) model
• Complementary Exponentiated Power Lindley-Poisson (CEPLP) model
• Poisson Generalized Linear Failure Rate (PGLFR) model

3. Multiple Transmutation
Several transmutation operations can be applied to a given baseline family of dis-

tributions to obtain ever more flexible models with more and more parameters. Alter-
natively, one can observe that compositions of two or more transmutation functions are
again (albeit more complicated) transmutation functions. For example, we might consider
the composition.

G∗(u; λ, α, θ) = GSB(GEXP(GMO(u; θ); α); λ) (10)

= (1 + λ)

[
θu

1 − (1 − θ)u

]α

− λ

[
θu

1 − (1 − θ)u

]2α

. (11)

The three transmutation functions used here can be composed in 3! = 6 differ-
ent orders, leading to six distinct models. Moreover, the composition of more than
three transmutation functions could be considered. Clear guidelines on how to select
from the myriad of available models are lacking at this time.

Transmuting Bivariate Models

Given the success in generating flexible univariate models documented above, it is
natural to consider the possibility of using the transmuting strategy to generate flexible
bivariate (and perhaps multivariate) models.

To this end, consider a baseline family of bivariate distributions F0(x, y; θ) that we
wish to make more flexible. Let G(u; τ) be a parametric family of univariate distributions
with support [0, 1], i.e., a family of transmutation functions.

In one dimension, it is evident that compounding a transmutation function with any
distribution function leads to a valid distribution function. Can the same thing be said
in higher dimensions? Leaving aside parameters for the moment, we ask whether, when
F(x, y) is a valid bivariate distribution function and if G(u) is a transmutation function, it
is necessarily true that G(F(x, y)) is a valid bivariate distribution function? Or must some
conditions be satisfied for this to happen?

Since F is a valid bivariate distribution function, we know that for any four real
numbers x1, x2, y1, y2 satisfying −∞ < x1 < x2 < ∞ and −∞ < y1 < y2 < ∞, we have

F(x2, y2)− F(x1, y2)− F(x2, y1) + F(x1, y1) ≥ 0.

Is it then true that for such x1, x2, y1, y2 we also have

G(F(x2, y2))− G(F(x1, y2))− G(F(x2, y1)) + G(F(x1, y1)) ≥ 0 ?
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A little investigation will confirm that this will not always be true. For example,
suppose that our joint distribution F is such that, for four numbers x∗1 , x∗2 , y∗1 , y∗2 satisfying
−∞ < x∗1 < x∗2 < ∞ and −∞ < y∗1 < y∗2 < ∞ we have

F(x∗2 , y∗2) = 0.45, F(x∗2 , y∗1) = 0.3, F(x∗1 , y∗2) = 0.3, F(x∗1 , y∗1) = 0.16,

so that

F(x∗2 , y∗2)− F(x∗2 , y∗1)− F(x∗1 , y∗2) + F(x∗1 , y∗1) = 0.45 − 0.3 − 0.3 + 0.16 = 0.01 > 0.

Now consider the particular transmutation function G(u) =
√

u. In this case, we
will have

G(F(x∗2 , y∗2))− G(F(x∗2 , y∗1))− G(F(x∗1 , y∗2)) + G(F(x∗1 , y∗1)) =
√

0.45 −
√

0.3 −
√

0.3 +
√

0.16

≈ 0.6708 − 0.5477 − 0.5477 + 0.4

= −0.0246 < 0.

So, in this case, G(F(x, y)) is not a valid joint distribution function.
A positive result is obtainable if we assume that F is absolutely continuous and

that the transmuting function G is a convex distribution function as noted in the
following theorem.

Theorem 1. If the joint distribution function F(x, y) is absolutely continuous and if the trans-
muting function G is a convex distribution function with support (0, 1), then G(F(x, y)) is a
well-defined bivariate distribution function.

Proof. Since we assume absolute continuity of F(x, y) its density, denoted by f (x, y), can
be obtained as

f (x, y) =
∂

∂x
∂

∂y
F(x, y) ≥ 0.

The density of the putative transmuted distribution G(F(x, y)) denoted by fG(F)(x, y) will
be of the form

fG(F)(x, y) =
∂

∂x
∂

∂y
G(F(x, y)) =

∂

∂x

[
G′(F(x, y))

∂

∂y
F(x, y)

]
= G′′(F(x, y))

[
∂

∂x
F(x, y)

][
∂

∂y
F(x, y)

]
+ G′(F(x, y))

[
∂

∂x
∂

∂y
F(x, y)

]
.

It is this expression which must be shown to be non-negative. However, we know that[
∂

∂x
∂

∂y F(x, y)
]

is non-negative, as are
[

∂
∂x F(x, y)

]
and

[
∂

∂y F(x, y)
]
, so that in addition to

requiring that G′(u) be non-negative (which we know is true), we must also require that
G′′(u) be non-negative, i.e., that G is convex, which was assumed in the hypothesis of the
theorem. Using the fact that G is a valid distribution function with support (0, 1), we can
conclude that G(F(x, y) has a non-negative density and has total variation equal to 1, i.e.,
that it is a valid bivariate distribution function.

So the conclusion is that there will be no problem as long as G(u) is convex. We note
that our earlier example, in which a problem was encountered, dealt with a choice for G of
the form

√
u which was concave rather than convex.

Note that if G(u) is the probability generating function of a non-negative integer-
valued random variable, then it will be convex. Thus, for example, MO functions can be
used in the bivariate case provided we restrict the parameter θ to the interval (0, 1].
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Indeed, there will be no problems in higher dimensions, provided that G is a gen-
erating function. This is because we may think of a sequence of independent identically
distributed k-dimensional random variables with common distribution function F(x) and
an independent integer-valued random variable N with generating function G. Suppose
we define Y = max{X(1), X(2), ..., X(N)}, then it can be readily verified that the distribution
function of Y is given by G(F(x), which is then necessarily a valid k-dimensional distribu-
tion function. The required conditions when G is not assumed to be a generating function
are more complex.

In general, we can consider parametric families of multivariate distributions that are
subjected to parametric families of double transmutations, and these will be guaranteed
to be valid models provided that all the transmutation functions involved are generat-
ing functions of non-negative integer-valued random variables. Such models will be of
the form.

G2(G1(F(x; θ); τ); λ),

where G1 and G2 are parametric families of generating functions, and F is a parametric
family of k-dimensional distributions.

Although it is conceptually possible to consider triple transmutation (or indeed, k-fold
transmutation) applied to multivariate distributions, it is not envisioned that such models
would be much used in practice.

4. Computational Implementation and Simulation Study
In this section, we present the computational implementation of the models, as well

as a brief simulation study to assess the performance of the maximum likelihood (ML)
estimators in finite samples.

4.1. Computational Aspects

The gentransmuted package [9] of R [15] includes the computational implementation
for the GDT class of models. To fit a given model in this class using the gentransmuted
package, the following commands can be executed

1. Install and load the necessary packages:

1 install.packages(‘‘gentransmuted ’’)
2 library(gentransmuted)

2. Load your data into R (say y).
3. To estimate a specific combination of distribution (dist) and G1 and G2 (comp1 and

comp2, respectively), which are optional. For example, for the exponential model as
baseline distribution with the G1 and G2 equal to EXP and MO models, we use the
following sentence

3 estimate.compound(y, dist=‘exp’, comp1=‘EXP’, comp2=‘MO’)

The package also includes the choose.compound function, which performs all the
combinations among dist, comp1, and comp2 and presents the results in a descendant order
based on the Akaike Information Criterion (AIC, [16]) or the Bayesian Information Criterion
(BIC, [17]). Depending on the nature of the data, the following options are available.

• Positive data: exponential, gamma, log-normal, BS, and Pareto II.
• Unit data: beta and Kumaraswamy.
• Real data: normal, Cauchy, logistic and Gumbel.

For comp1 and comp2, all the combinations among the EXP, EXP2, MO, MO2, and
SB models are considered, in addition to the case where they are specified as NULL. For
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instance, if the data are positive and the AIC is used as a selection criterion, the function is
used as follows

4 choose.compound(y, type=‘‘positive ’’, criteria=‘‘AIC’’)

In addition, functions to compute the PDF, CDF, quantile function, and drawn values
are available as dcompound, pcompound, qcompound, and rcompound, respectively, specifying
the arguments dist, comp1, comp2, and the corresponding parameters.

4.2. Simulation Study

In this subsection, we present a brief simulation study to assess the performance of
the maximum likelihood (ML) estimators obtained with the gentransmuted package. We
consider two baseline distributions f : the exponential distribution with parameter 1.5 and
the Lomax distribution with parameters 1.5 and 2; two models for G1 (EXP and MO); two
values for the parameter θ (0.75 and 1.2); and sample sizes n = 100, 200, 500, 1000.

For each combination of f , G1, θ, and sample size, we generate 1000 replicates using
the rcompound function and estimate parameters with the estimate.compound function.
Table 1 summarizes the results based on these replicates: the mean bias (Bias), the mean of
the standard errors (SE), the root of the mean squared error (RMSE), and the 95% coverage
probability (CP) based on the asymptotic distribution of the ML estimators.

The results suggest that the bias of the estimators is acceptable in most cases considered
and decreases as the sample size increases. Additionally, the SE and RMSE values are close,
indicating that the variance of the estimators is well estimated. Coverage probabilities are
close to nominal levels, especially for n = 1000. The exception is for the combination of
Lomax and MO for f and G1, where the estimators need a larger sample size to obtain
desirable properties. This is probably because the Lomax distribution is a heavy-tailed
distribution, which is inherited by the respective composite model.
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Table 1. Estimated bias, mean standard error (SE), root mean squared error (RMSE), and 95% coverage probability (CP) for different combinations of baseline
distribution f (exponential and Lomax), transmutation function G (EXP and MO), parameter θ (0.75 and 1.2), and sample sizes (n = 100, 200, 500, 1000).

n = 100 n = 200 n = 500 n = 1000
f G1 θ Parameter Bias SE RMSE CP Bias SE RMSE CP Bias SE RMSE CP Bias SE RMSE CP

exp

EXP
0.75 γ 0.0257 0.2157 0.2142 0.9660 0.0203 0.1520 0.1568 0.9480 0.0094 0.0958 0.0950 0.9470 0.0001 0.0673 0.0671 0.9490

θ 0.0120 0.0955 0.1025 0.9480 0.0117 0.0675 0.0686 0.9590 0.0018 0.0420 0.0416 0.9460 0.0006 0.0296 0.0292 0.9560

1.2 γ 0.0295 0.1895 0.2049 0.9460 0.0180 0.1336 0.1407 0.9390 0.0065 0.0840 0.0878 0.9330 0.0045 0.0594 0.0623 0.9460
θ 0.0395 0.1691 0.1818 0.9570 0.0169 0.1168 0.1254 0.9330 0.0079 0.0732 0.0760 0.9450 0.0018 0.0514 0.0548 0.9290

MO
0.75 γ 0.0479 0.2773 0.2800 0.9640 0.0313 0.1949 0.1937 0.9550 0.0121 0.1225 0.1251 0.9490 0.0069 0.0866 0.0884 0.9390

θ 0.0190 0.2636 0.2626 0.9290 0.0013 0.1811 0.1842 0.9270 −0.0003 0.1141 0.1195 0.9390 −0.0011 0.0805 0.0802 0.9380

1.2 γ 0.0787 0.3245 0.3379 0.9510 0.0243 0.2262 0.2207 0.9530 0.0065 0.1428 0.1401 0.9580 0.0144 0.1014 0.1038 0.9380
θ 0.0021 0.4291 0.4373 0.9040 0.0093 0.3034 0.2974 0.9410 0.0098 0.1912 0.1905 0.9530 −0.0050 0.1333 0.1355 0.9320

lomax

EXP

0.75
γ 0.6423 1.6729 2.6414 0.9040 0.2681 0.8387 1.2363 0.9270 0.0652 0.4271 0.4358 0.9460 0.0407 0.2930 0.3009 0.9500
β 0.3421 0.8386 1.3633 0.9540 0.1458 0.4310 0.6690 0.9430 0.0337 0.2228 0.2263 0.9560 0.0266 0.1543 0.1582 0.9590
θ 0.0335 0.1468 0.1568 0.9560 0.0151 0.0981 0.1008 0.9610 0.0067 0.0603 0.0617 0.9570 0.0029 0.0420 0.0421 0.9530

1.2
γ 0.5303 1.5624 2.3736 0.9190 0.2177 0.7583 0.9206 0.9240 0.0641 0.4179 0.4292 0.9430 0.0484 0.2894 0.2954 0.9580
β 0.2278 0.6538 0.8637 0.9470 0.1034 0.3402 0.3989 0.9510 0.0351 0.1916 0.1967 0.9590 0.0197 0.1322 0.1354 0.9540
θ 0.0830 0.3348 0.4378 0.9460 0.0475 0.2060 0.2315 0.9580 0.0203 0.1226 0.1257 0.9530 0.0010 0.0840 0.0849 0.9380

MO

0.75
γ 3.1732 20.4146 10.7486 0.7740 2.7826 13.7290 9.3956 0.8350 1.4785 4.7245 5.4535 0.8660 0.6240 1.6506 2.7094 0.9080
β 1.1341 6.5481 3.6415 0.8610 0.8624 3.8626 2.8222 0.8890 0.4458 1.4021 1.6413 0.9090 0.1898 0.5319 0.8247 0.9270
θ 0.1985 1.4926 1.1686 0.7740 0.2698 1.1727 1.0963 0.8370 0.2248 0.7068 0.8002 0.8750 0.1183 0.4460 0.5300 0.9190

1.2
γ 1.7273 15.9685 7.6485 0.7410 2.7101 13.8727 10.2085 0.8090 1.8809 6.2679 6.6841 0.8760 0.9451 2.2279 3.1213 0.9090
β 0.8000 6.4471 3.4778 0.8420 0.9262 4.5438 3.3413 0.8760 0.6013 1.9553 2.1356 0.9140 0.3026 0.7342 1.0447 0.9300
θ 0.0074 2.2946 1.4724 0.7370 0.2626 1.8469 1.6898 0.8140 0.3724 1.2424 1.2641 0.8850 0.2749 0.8125 0.9642 0.9110
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5. Applications of a Multiple Transmutation with Real Data
Let X be a continuous random variable with pdf fX(x; θ) and cdf FX(x; θ). The

objective is to extend the pdf fX(x; θ) using multiple transmutation, as follows.

5.1. First Transmutation

G1(x; θ, θ, λ) = GSB(GEXP(FX(x; θ); θ); λ)

= (1 + λ)[FX(x; θ)]θ − λ[FX(x; θ)]2θ ,

where the first stage of transmutation is denoted as:

H1(x; θ, θ) = GEXP(FX(x; θ); θ) = [FX(x; θ)]θ .

The corresponding PDFs of the singly and doubly transmuted distributions are:

h1(x; θ, θ) = θ[FX(x; θ)]θ−1 fX(x; θ),

g1(x; θ, θ, λ) = (1 + λ − 2λH1(x; θ, θ))h1(x; θ, θ),

where θ > 0 and −1 ≤ λ ≤ 1 are shape parameters.

Log-Likelihood Function

Given a random sample X1, . . . , Xn from g1, the log-likelihood function is:

l(θ, θ, λ) =
n

∑
i=1

log
(

1 + λ − 2λ[FX(xi; θ)]θ
)
+

n

∑
i=1

log(h1(xi; θ, θ)), (12)

and can be maximized using the gentransmuted package [9].

5.2. Second Transmutation

G2(x; θ, λ, θ) = GEXP(GSB(FX(x; θ); λ); θ)

=
[
(1 + λ)FX(x; θ)− λ[FX(x; θ)]2

]θ
,

with first-stage transmutation:

H2(x; θ, λ) = GSB(FX(x; θ); λ) = (1 + λ)FX(x; θ)− λ[FX(x; θ)]2.

The corresponding PDFs are:

h2(x; θ, λ) = [1 + λ − 2λFX(x; θ)] fX(x; θ),

g2(x; θ, λ, θ) = θ[H2(x; θ, λ)]θ−1h2(x; θ, λ),

with θ > 0 and −1 ≤ λ ≤ 1.

Log-Likelihood Function

For a sample X1, . . . , Xn from g2, the log-likelihood is:

l(θ, λ, θ) = n log(θ) + (θ − 1)
n

∑
i=1

log
(
(1 + λ)FX(xi; θ)− λ[FX(xi; θ)]2

)
+

n

∑
i=1

log(h2(xi; θ, λ)). (13)

5.3. Data I

For this analysis, we use the fatigue life dataset of Kevlar 373/epoxy specimens
subjected to 90% of the ultimate stress until failure. The data, originally reported by
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Andrews et al. [18] and Barlow et al. [19], contain exact failure times: 0.0251, 0.0886,
0.0891, 0.2501, 0.3113, 0.3451, 0.4763, 0.5650, 0.5671, 0.6566, 0.6748, 0.6751, 0.6753, 0.7696,
0.8375, 0.8391, 0.8425, 0.8645, 0.8851, 0.9113, 0.9120, 0.9836, 1.0483, 1.0596, 1.0773, 1.1733,
1.2570, 1.2766, 1.2985, 1.3211, 1.3503, 1.3551, 1.4595, 1.4880, 1.5728, 1.5733, 1.7083, 1.7263,
1.7460, 1.7630, 1.7746, 1.8275, 1.8375, 1.8503, 1.8808, 1.8878, 1.8881, 1.9316, 1.9558, 2.0048,
2.0408, 2.0903, 2.1093, 2.1330, 2.2100, 2.2460, 2.2878, 2.3203, 2.3470, 2.3513, 2.4951, 2.5260,
2.9911, 3.0256, 3.2678, 3.4045, 3.4846, 3.7433, 3.7455, 3.9143, 4.8073, 5.4005, 5.4435, 5.5295,
6.5541, 9.0960.

Table 2 presents descriptive statistics of the dataset, including the sample coefficient of
skewness (CS) and coefficient of kurtosis (CK). The choose.compound function is used to
select an appropriate combination of distribution, G1, and G2 for modeling these data.

Table 2. Descriptive statistics for fatigue life data.

n Median Mean Variance CS CK

76 1.736 1.959 2.477 2.019 8.600

Estimation and Model Selection

We illustrate the use of multiple transmutations with a real data set. We use the
choose.compound function, as explained in the previous section, to choose a model for
positive data. The output for the first six models is as follows:

1 choose.compound(y)

2 $summary
3 baseline G1 G2 AIC parameters
4 1 lomax MO 246.14 3
5 2 lnorm MO 246.67 3
6 3 exp MO EXP2 246.81 3
7 4 exp SB 247.03 2
8 5 bisa MO EXP2 247.71 4
9 6 lnorm MO EXP 247.82 4

10 ...
11 (79 rows omitted)
12 $selected
13 $selected$coefficients
14 estimate s.e.
15 gamma 1.25037649 1.33958661
16 beta 3.88406654 1.59148789
17 theta 0.04271803 0.05016624
18

19 $selected$logLik
20 [1] -120.0713
21

22 $selected$AIC
23 [1] 246.1426
24

25 $selected$BIC
26 [1] 253.1348

Table 3 presents the results for the selected model. Figure 2 displays the Q-Q plots for
the selected model. From them, we calculated the quantile residuals (QRs), which—if the
model is appropriate for the data—should behave like a sample from the standard normal
distribution (see [20]). This can be validated using traditional tests for normality such as
the Anderson–Darling (AD), Cramér–von Mises (CVM), and Shapiro–Wilk (SW) tests.
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Table 3. Parameter estimates and standard errors (SE), AIC and BIC values for the exponential-MO-
SB model.

Parameter Estimate SE

γ̂ 1.250 1.339
β̂ 3.884 1.591
θ̂ 0.042 0.050

AIC 246.14
BIC 253.13

In Figure 2, the p-values for the normality tests (AD, CVM, and SW) of the QRs for the
two best models are shown below the corresponding Q-Q plots. In the g1 and h2 models,
the QRs appear to behave like standard normal variates. This supports the earlier claim
that model g1 provides the best fit to the data.
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Figure 2. Q-Q plot for the exponential-MO model.

5.4. Data II

In this subsection, we illustrate the use of multiple transmutations with another real
data set. For this application, we use the Pareto II distribution as the baseline distribution
(see Arnold, [21]). A random variable X has a Pareto II distribution if its cumulative
distribution function (CDF) is given by

FX(x; θ) = 1 −
(

1 +
x
α

)−β
, x > 0, (14)

and its corresponding probability density function (PDF) is

fX(x; θ) =
βαβ

(x + α)β+1 , x > 0, (15)

where θ = (α, β), α > 0 is a scale parameter, and β > 0 is a shape (or inequality) parameter.
We denote this as X ∼ Pareto II(α, β).

This dataset originates from the Survey of Consumer Finances (SCF), a nationally
representative sample that provides extensive information on the assets, liabilities, income,
and demographic characteristics of U.S. households. It includes a random sample of
500 households with positive incomes interviewed in the 2004 survey. The variable of
interest is the annual family income (in thousands of U.S. dollars), divided by the number
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of household members. The data can be accessed from the Federal Reserve’s webpage:
https://www.federalreserve.gov/econres/scfindex.htm (accessed on 31 August 2025).

The descriptive statistics corresponding to this dataset are shown in Table 4. The very
high kurtosis coefficient indicates that the dataset has a heavy right tail, motivating the use
of the Pareto II distribution as the baseline model.

Table 4. Descriptive statistics for income data.

n Median Mean Variance CS CK

500 21.125 216.709 11,270,001 22.176 494.470

Estimation and Model Selection

Codes to replicate this example using the gentransmuted package are provided in the
Appendix A. In Table 5, the maximum likelihood estimates of the parameters of the five
competing models are displayed. To compare the models—Pareto II, h1, h2, g1, and g2—we
use the Akaike Information Criterion (AIC) and the Bayesian Information Criterion (BIC).
Table 5 also includes the AIC and BIC values for each model.

In particular, the probability density function (pdf) of h1 is

h1(x; α, β, θ) = θ

(
1 −

(
1 +

x
α

)−β
)θ−1[ βαβ

(x + α)β+1

]
, x > 0, (16)

the pdf of g1 is

g1(x; α, β, θ, λ) =

{
1 + λ − 2λ

(
1 −

(
1 +

x
α

)−β
)θ

}
h1(x; α, β, θ), x > 0, (17)

the pdf of h2 is

h2(x; α, β, λ) =

(
1 + λ − 2λ

(
1 −

(
1 +

x
α

)−β
))[

βαβ

(x + α)β+1

]
, x > 0, (18)

and the pdf of g2 is

g2(x; α, β, λ, θ) = θ

{
(1 + λ)

(
1 −

(
1 +

x
α

)−β
)
− λ

(
1 −

(
1 +

x
α

)−β
)2

}θ−1

h2(x; α, β, λ), x > 0, (19)

where α > 0 is a scale parameter, and β > 0, −1 ≤ λ ≤ 1, and θ > 0 are shape parameters.

Table 5. Parameter estimates, AIC, and BIC values for the models.

Estimates Pareto II h1 g1 h2 g2

α̂ 40.151(5.881) 19.230(4.214) 25.261(6.696) 56.927(10.170) 14.734(3.331)
β̂ 1.590(0.160) 1.371(0.126) 1.041(0.180) 1.209(0.208) 1.332(0.114)
θ̂ − 1.583(0.162) 1.486(0.140) − 1.101(0.227)
λ̂ − − 0.760(0.135) 0.797(0.101) −0.802(0.180)

AIC 4861.623 4840.911 4835.926 4854.416 4837.574
BIC 4870.053 4853.555 4852.784 4867.059 4854.432

We observe from the AIC and BIC values in Table 5 that each application of general-
ized transmutation yields an improvement in model fit. Model g1 demonstrates the best
performance among the five models. Finally, Figure 3 presents the Q–Q plot for the QRs,
suggesting that the g1 and g2 models are appropriated for this data set.

 https://www.federalreserve.gov/econres/scfindex.htm
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Figure 3. Q–Q plots for models g1 (left panel) and g2 (right panel). p-values of normality tests (AD,
CVM, WS) for the QRs are indicated below each plot.

6. Final Remark
The results presented in this work highlight the advantages of using generalized

transmutation techniques to construct flexible distribution families. As demonstrated in
Section 5, each level of transmutation—whether through exponentiation, convex combina-
tions, or the incorporation of generator functions—tends to enhance the goodness-of-fit to
real data. This is evidenced by model g1 outperforming the others according to AIC, BIC,
and residual analysis.

Future work should focus on a more detailed study of specific members within
the proposed family that may possess closed-form expressions for key distributional
characteristics such as the mean, quantiles, or mode. Additionally, it would be valuable to
extend the regression framework to cover these special cases, enabling their application in
modeling conditional relationships in practical contexts.
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Appendix A
In this section, we include the codes in R related to the simulation study and the

second application.

Appendix A.1. Codes for the Simulation Study
install.packages(‘‘gentransmuted’’)
library(gentransmuted)
set.seed(2100); dist=‘‘exp’’; comp=‘‘EXP’’; n=100; para=1.5; theta1=0.75; replicas=1000
m=1;resultados=c(); real=c(para,theta1)
while(m<=replicas){
y=rcompound(n, dist=dist, comp1=comp1, comp2=comp2, gamma=para[1], theta1=theta1)
aux=estimate.compound(y, dist=dist, comp1=comp1, comp2=comp2,est.var=TRUE)
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resultados=rbind(resultados, c(aux$coefficients[,1],aux$coefficients[,2])); m=m+1}
bias.aux=resultados[,1:2]-matrix(real, ncol=length(real), nrow=replicas, byrow=T)
bias=apply(bias.aux, 2, mean); SE=apply(base[,1:2+length(real)],2,mean)
RMSE=sqrt(apply(bias.aux^2,2,mean))
CP.aux=ifelse(bias.aux-1.96*resultados[,sele+length(real)]<0&bias.aux+
1.96*resultados[,sele+length(real)]>0,1,0)
CP=apply(CP.aux,2,mean); c(bias, SE, RMSE, CP)

Appendix A.2. Codes for the First Application
y<-c(0.0251, 0.0886, 0.0891, 0.2501, 0.3113, 0.3451, 0.4763, 0.5650, 0.5671, 0.6566, 0.6748,
0.6751, 0.6753, 0.7696, 0.8375, 0.8391, 0.8425, 0.8645, 0.8851, 0.9113, 0.9120, 0.9836,
1.0483, 1.0596, 1.0773, 1.1733, 1.2570, 1.2766, 1.2985, 1.3211, 1.3503, 1.3551, 1.4595,
1.4880, 1.5728, 1.5733, 1.7083, 1.7263, 1.7460, 1.7630, 1.7746, 1.8275, 1.8375, 1.8503,
1.8808, 1.8878, 1.8881, 1.9316, 1.9558, 2.0048, 2.0408, 2.0903, 2.1093, 2.1330, 2.2100,
2.2460, 2.2878, 2.3203, 2.3470, 2.3513, 2.4951, 2.5260, 2.9911, 3.0256, 3.2678, 3.4045,
3.4846, 3.7433, 3.7455, 3.9143, 4.8073, 5.4005, 5.4435, 5.5295, 6.5541, 9.0960)
choose.compound(y)

Appendix A.3. Codes for the Second Application
y=as.vector(read.table(‘‘Datos2.txt’’,h=F)$V1)
aux1=estimate.compound(y, dist=‘‘paretoII’’)
aux2=estimate.compound(y, dist=‘‘paretoII’’, comp1=‘‘EXP’’)
aux3=estimate.compound(y, dist=‘‘paretoII’’, comp1=‘‘EXP’’, comp2=‘‘SB’’)
aux4=estimate.compound(y, dist=‘‘paretoII’’, comp1=‘‘SB’’)
aux5=estimate.compound(y, dist=‘‘paretoII’’, comp1=‘‘SB’’, comp2=‘‘EXP’’)
aux1;aux2;aux3;aux4;aux5
c(aux1$AIC, aux2$AIC, aux3$AIC, aux4$AIC, aux5$AIC)
c(aux1$BIC, aux2$BIC, aux3$BIC, aux4$BIC, aux5$BIC)
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